We provide an overview of the leading edge problem in this paper. We have used a selfsimilar function having a dependence on both the self-similar variable η and Reynold's number R to covert the momentum and energy equations into a fourth-order, non-linear partial differential equation (PDE) and a second-order, non-linear PDE respectively. Attempts have been made to solve the energy equation in a variety of ways, which include solving the PDE approximating the terms of the order O R 2 and solving the PDE via the method of characteristics, but mostly being able to solve the energy PDE sans solving the momentum PDE. The complexities involved in solving the momentum PDE have been discussed and plausible approximate solutions have been given. The importance of boundary conditions and how they influence the solution to the energy PDE has been discussed. We have also shown how the energy PDE can be defined as a well-posed hyperbolic initial-boundary value problem in the leading edge. We conclude the paper by showing an approximate solution to the heat transfer coefficient and plot its characteristic behavior.
comprehensive collection of boundary layer theory is presented in Schlichting (2016). Prandtl's boundary theory provides a leading order solution to the asymptotic expansion of the Navier-Stokes equations for large Reynold's numbers. Several papers have tried to extend Blasius' solution to the leading edge. Alden (1948) extended to higher-order terms and included the pressure distribution, which is neglected in the classical boundary layer theory. Kuo (1953) used a technique proposed by Lighthill (1949) by which the solution of an approximated non-linear equation can be extended in the neighbourhood of a singularity merely by straining the argument of the solution to improve Blasius' solution such that it's validity is extended up to the leading edge. Imai Imai (1957) was able to derive a first-order solution to Prandtl's boundary layer theory and showed that the vorticity decays exponentially with distance from the plate. Avramenko (2011) investigated self-similar boundary layers in nanofluids and found the solutions to be valid far downstream from the leading edge. A detailed description of the boundary layer theory along mathematical studies and their importance to the nonlinear theory of viscous flows is provided in Oleinik (1999) . In this paper, we build on the work done by Rao (2015) and we study the laminar boundary layer over the leading edge of a flat semi-infinite plate. The governing equations and the boundary conditions are presented in section 2.1, and the equations are expressed in terms of the streamfunction in section 2.2. The self-similar transforms are defined and the momentum PDE is expressed in the self-similar form in section 2.3. A self-similar energy equation is defined and presented as a mathematically well-posed problem in section 3 and the difficulties associated with finding solutions and discussions pertaining to ambiguities in choice of boundary conditions are presented in section 3.2, where we also find a general solution via the method of characteristics. An approximate solution to the energy PDE, neglecting terms of order O(R 2 ) is presented and difficulties in obtaining boundary conditions is discussed in section 3.4. All the work presented in sections 2 and 3 is used to obtain an expression for the heat transfer coefficient and plot it's variation with the self-similar variable η in section 4.
Problem Definition

Governing Equations and Boundary Conditions
We consider an incompressible Newtonian fluid flowing with a uniform velocity U into the leading edge of a semi-infinite flat plate. The fluid obeys the continuity and the momentum equations, given by
where u and v are the x and y components of velocities respectively, p is pressure, ρ is density, and µ is the viscosity. The boundary conditions are that at the plate y = 0, the fluid obeys no slip and no penetration, i.e.,
Far-field conditions dictate that as y → ∞, the fluid obeys the free-stream conditions, i.e.,
At the leading edge x = 0, a uniform stream is imposed as follows u = U, v = 0.
(2.5)
Streamfunction
We now introduce the stream function ψ in order to restate the momentum equations in terms of one single variable. We define
The continuity equation in 2.1 is satisfied identically. The momentum equations as given in 2.2 become, with the subscript denoting differentiation,
(2.7)
We now cross-differentiate to eliminate pressure and obtain 
where R = ρU x/µ is the local Reynold's number. It is to be mentioned here that the expression given in Rao (2015) is incorrect and the equation 2.14 is the correct form of the self-similar momentum PDE. Note that 2.14 is a fourth-order non-linear PDE and as we shall see, the solution to the PDE determines the characteristic behavior of the energy PDE and hence, the heat transfer coefficient. The boundary conditions can now be expressed in terms of the self-similar variables. We have discussed the ambiguities associated with obtaining boundary conditions in future sections since here, we have the self-similar streamfunction to depend on both the self-similar variable η and R. Although we do know the behavior of the self-similar variable η at the leading edge, at the plate, and far away from the plate we do not know how Reynold's number varies with changing η and hence, determining the boundary conditions become cumbersome. We try to comearound this anomaly by assuming certain classes of Reynold's number models that relate the same to the self-similar variable η.
The Energy Equation
Problem Definition
When ψ = f (η, R)U x and T = T (η, R), where R = U x/ν, we obtain the following PDE
where P r is the Prandtl number which we will set to unity for all our calculations. Notice that when R → 0, 3.1 simplifies to the following
Similarly, for P r ≡ 1 and R ∈ [0, ∞), 3.1 becomes
We now write 3.3 as follows
Now, comparing 3.3 with the standard form of a second-order PDE written as
we observe that B = 0, A = (1 + η 2 ), and C = R 2 . Consider the following cases i. When R → 0, B 2 − AC = 0 and 3.3 becomes a parabolic PDE.
ii. At the plate y = 0 which implies that η = 0 and hence, B 2 − AC > 0 and 3.3 becomes a hyperbolic PDE.
iii. Far away from the plate y → ∞ which implies that η → ∞ and hence, B 2 − AC > 0 and 3.3 becomes a hyperbolic PDE.
iv. At the leading edge x = 0 which implies that η → ∞ and hence, B 2 − AC > 0 and 3.3 becomes a hyperbolic PDE.
Define a non-linear operator N as follows
We can now define a hyperbolic initial boundary value problem as follows
Here H : V R → R is given and N denotes, for each Reynolds number R a second-order partial differential operator.
Difficulty Associated with Solving the Energy Equation
In order to solve for the heat transfer coefficient, we need to first find f (η, R), i.e., the solution to the self-similar momentum equation. The momentum equation with the self-similar transformation is a fourth-order, non-linear equation which is subject to boundary conditions
at the plate (i.e., η = 0) and
being the far-field conditions (i.e., at η → ∞). These are the boundary conditions which are to be imposed in order to determine the constants of a general solution to the momentum PDE 2.14, in all future sections we refer to boundary conditions 3.10 and 3.11 as generalized boundary conditions. It is to be noted here that the momentum PDE 2.14 is immensely difficult to solve and the existence of a closed-form solution is uncertain. The PDE was obtained from the steady-state Navier-Stokes momentum equations 2.2 after eliminating the pressure terms via cross-differentiation post the introduction of a streamfunction and by trying to find a solution of the form f (η, R) we are trying to find a solution ψ(x, y) to the pressure-less momentum PDE 2.8 which in turn are the solutions u(x, y) and v(x, y) to the momentum equations 2.2 themselves. This turns out to be a simplified case of a more general problem-to prove that there exists a smooth solution u(x, t) on R × [0, ∞) to the unsteady Navier-Stokes equations. This is an open problem which has been listed as one of the millennium problems by the Clay Institute of Mathematics. It will be shown that although the conditions are satisfied at the plate, the far-field conditions are not. Although in this case, the characteristic curve of the heat-transfer coefficient is similar to, except for a singularity at η → 0, the one obtained by our calculations. Now, since the leading edge is usually subjected to Reynolds number of the order 10 −3 , we may ignore the terms of order O(R 2 ) and above. This approximation yields the following PDE
It is observed that the first part of the PDE, the part independent of R can be solved by setting u = f ηη in order to reduced the PDE to the following ODE
(1 + η 2 ) 2 u ηη + 8η(1 + η 2 )u η + 4η(1 + 3η 2 )u = 0, (3.13) whose solution reads
.
(3.14)
The part of 3.12 which involve terms of O(R) read
This is a fourth-order non-linear PDE which is difficult to solve to obtain analytic solution. The difficulty associated with solving 3.15 can be attributed to the undifferentiated term f (η, R) in (f f ηη ) η since if we were to make the substitution u = f ηη as made previously, we would obtain the following PDE
( 3.16) which is a non-linear partial-integro differential equation and this complicates the problem. One possible method could be to remove the partial differentiation of f by R by assuming that the Reynold's number depends on the self-similar variable η as R = αη β , where α and β are real numbers. With this, 3.15 becomes a fourth-order non-linear PDE in η and has the following form
but this resulting PDE is still complicated and difficult to solve. We here propose an alternative method where we notice that the PDE 3.12 has only one differential in R and thus, we set f ηηηR = γf ηηη and f ηηR = γf ηη , where γ is a positive constant. Now, we rewrite the second part of the PDE which is dependent on R as follows
which can now be split into 20) where φ(R) and ψ(R) are arbitrary functions of the Reynold's number. We now substitute the expression for f ηηη which can be obtained from 3.20 into 3.19 to obtain the following
Now, setting φ(R) = 0, ψ(R) = 0, and γ = 1, the PDE simplifies to the following
which has the following solution
To fix the constant C 1 we make use of the boundary condition at the plate, i.e., 3.10. We find that the constant C 1 = ± 1/2 √ 2 . Now, the solution to the momentum PDE upto order O(R) would be a linear combination of the solutions of the first part of 3.12 which is independent of R, i.e., f (η) and the second part of 3.12 which depends on R upto order O(R), i.e., (f (η, R)) O(R) . Thus, the final solution for positive constants λ and χ read
(3.24)
Note that this is only an approximate solution to the momentum PDE where we have neglected terms of order O(R 2 ). We can now use this result to solve the energy equation without having to compromise terms of order O(R 2 ) although this too will only be an approximate solution due to the compromise made in the momentum PDE.
Approximate Solution to the Energy Equation-Method of Characteristics
The energy PDE 3.3 can be rewritten using the result obtained in 3.24 and by doing so we attempt to solve the energy PDE by the method of characteristics. If the PDE N [T ] + T RR = H is hyperbolic in the domain V, it implies that B 2 − AC > 0 at each point of V. We now choose (η, R) → (ω(η, R), γ(η, R))such that
which can be expressed as the following product (3.26) and hence, we solve the following linear equations
We now find that ω = R e −i sinh −1 (η) , γ = R e i sinh −1 (η) , (3.28) and we can write the T (η, R) = v (ω(η, R), γ(η, R)). The energy PDE takes the following canonical form
(3.30)
With the characteristics found we can write the general solution to the hyperbolic PDE as follows
where F and B are functions of the characteristics ω and γ respectively and
Using Euler's formula, we have the real part of the solution to be
(3.32)
Approximate Solution to the Energy Equation
We here present a solution to the energy PDE without considering terms of order O(R 2 ). Consider the energy PDE 3.5 with this mentioned approximation
We find a general solution of the following form
where 2 F 1 is the hypergeometric function and K 1 is the modified Bessel function of the second kind. This integral is immensely complicated to solve and hence we expand the hypergeometric series around K 1 = 0 to obtain
Now, integrating this expansion, the solution reads
Before the fluid flows past the plate, there is no heat transfer and hence the temperature is unaffected. Thus, we demand that T (η = 0, R) = T ∞ and hence, we observe that C 2 = T ∞ which turns the solution into the form
Now, R → 0 can imply two things-either x = 0 and hence η → ∞ (which is the leading edge condition) or the velocity of the fluid is very small. If the plate is being maintained at a uniform temperature then the temperature at all points of the plate would not fluctuate when there is no fluid available for heat transfer. Thus, we obtain a condition T (η → ∞, R → 0) = T w which is valid only in the leading edge. Note however that η → ∞ is also a condition when we are far away from the plate, i.e., when y → ∞ and at this position even when there is no fluid flowing the temperature is that of the free-stream. Thus, the far-field condition reads T (η → ∞, R → 0) = T ∞ . When there is a fluid flowing with some arbitrary velocity, then far away from the plate there would be gradients of temperature as a result of heat transfer between the plate and the flowing fluid. Here, we don't make any assumption regarding the characteristic of the gradients since we don't know the behavior of temperature with viscosity and a similar argument can be made at the plate when y → 0 for arbitrary Reynold's number. Thus, in order to establish the boundary conditions at the plate and far-field for arbitrary Reynold's numbers, we are to consider temperature-viscosity models, each of which depend upon the type of fluid begin used. Assuming that we have an appropriate model which provides a relationship between the temperature and viscosity, there still exists an additional constraint-relationship between the Reynold's number and the self-similar variable. In order to overcome this we are to yet again resort to assuming Reynold's number models as done in the previous sections.
To demonstrate this let us assume the following dependence of temperature on it's variables η and R T (η, R) = αtan −1 (η β ) + γtan −1 (R ǫ ), (3.38) where α, β, γ, and ǫ are positive constants. In this model, at the plate
(3.39)
At the leading edge,
(3.40)
As we had deduced earlier, far away from the plate, T (η → ∞, R → 0) = T ∞ but in order to find T (η → ∞, R) and T (η → ∞, R → ∞) we need to consider temperature-viscosity models such as the Seeton or the Wright model. Similarly, when there is heat transfer between the fluid and the plate, temperature gradients would develop which would be of the following form (3.41) and since T y = xT η for a fixed value of x, we have T η (η = 0, R) = − hx(Tw−T∞) k . Notice now that the value of x can be fixed by our choice of R and thus, at the plate we obtain the following variations of the temperature gradients for different choices of Reynold's number
(3.42) There would also exist a gradient with respect to the Reynold's number but this would be determined with the choice of the temperature-viscosity model chosen. For instance, if we choose that Seeton model, we have the following relation between the temperature and the kinematic viscosity 
Expression for the Heat Transfer Coefficient
Let us define the non-dimensional temperature as follows
where T w s the wall temperature and T ∞ is the free-stream temperature, such that
At the plate, y = 0 which implies that η = 0 and hence the non-dimensional temperature 4.1 takes the following form and we finally obtain the heat transfer coefficient to be the following
5)
where k is the thermal conductivity of the fluid flowing past the plate. We observe now that finding the solution to the momentum PDE, i.e., f (η, R) is essential in order to solve for the heat transfer coefficient. Since we have derived only an approximate solution for the momentum PDE (see equation 3.24), the solution to the heat transfer coefficient will also be approximate. Firstly, we notice that 3.24 takes on an indeterminate form at η = ∞ which is at the leading edge and yields a null result at η = 0 which is at the plate. Thus, we study how the heat transfer coefficient varies with the self-similar transformation η at the leading edge, i.e., with x in the order of 10 −3 units. We now compute the term enclosed in the brackets by setting the linear combination coefficients to unity (i.e., χ, λ ≡ 1) for simplicity. We choose the plate material to be made up of Aluminium, assume air to flow at a velocity U = 10 m/s, temperature of the plate to be T w = 100 0 C and the ambient temperature to be T ∞ = 27 0 C.
Since we do not know the exact value of γ, we cannot obtain numerical results for h(x). Hence, we plot h(x) vs z(η), where z(η) = (f η f ηR − f R f ηη ) to observe the characteristic behavior of the heat transfer coefficient. This is shown in figure 1.
Conclusion
In this work, we have provided an overview of the leading edge problem and have studied the incompressible laminar flow over the leading edge of a semi-infinite flat plate. We have Figure 1 . This plot shows the variation of the heat transfer coefficient with the combination of the differential quantities contained in z(η) and with C1 = − 1/2 √ 2 and R = 0.001.
used a self-similar function, which has dependence on both the self-similar variable and the Reynold's number, to transform the energy and the momentum equations showing them to be second-order non-linear and fourth-order non-linear PDE respectively. The energy PDE has been formulated as a well-posed hyperbolic initial value problem on the leading edge and the difficulties associated with solving the same has been discussed. An approximate solution to the energy PDE is presented in which we have used the method of characteristics to solve the same and another approximate solution in which we do not consider terms of order O R 2 has also been discussed. The work also reveals deep connections between the momentum and the energy PDE since the latter cannot be solved for without a solution to the former. We have also discussed the importance of boundary conditions and shown how they influence the solution to the energy PDE. We have been able to find an expression for the heat transfer coefficient and have obtained its characteristic behavior at the leading edge by plotting its variation with the self-similar variable. We plan to solve the boundary layer numerically by a finite-volume method using CFD packages and also cross-verify the characteritic behavior of the heat-transfer coefficient via Monte Carlo simulations in future works.
